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^ , Abstract 
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Cf' We define and show the existence of the quantum symmetry group of a Hilbert module 

(-H ' equipped with an orthogonal filtration. Our construction unifies the constructions of Banica- 

Skalski's quantum symmetry group of a C*-algebra equipped with an orthogonal filtration and 

Goswami's quantum isometry group of an admissible spectral triple. 

K^ ■ Introduction 

00 

J~^ . The quantum isometry group of a noncommutative Riemannian compact manifold (an admissible 

cn ■ spectral triple) was defined and constructed by Goswami in [B]. His breakthrough construction, 

'sj" , technically more involved than the previous approaches to quantum symmetry groups in the case 

^f^ . of finite structures \\.'A\ |3|, provides a very natural direct link between Connes' noncommutative 

geometry [S] and the theory of compact quantum groups introduced by Woronowicz in the eight- 
ies [12]. We refer the reader to the introduction and bibliography of [^ for an overview of the several 
K> ■ developments since Goswami's paper. 

C^ . Motivated by the work of Goswami, Banica and Skalski define and construct in ^ the quantum 

symmetry group of a C*-algebra endowed with an orthogonal filtration. Their construction provides 
a general powerful tool to define and check the existence of quantum symmetry groups of various 
mathematical systems and unifies several known quantum symmetry groups constructions. The 
work of Banica and Skalski also has the merit to clearly exhibit some of the structures needed 
to enable one to prove the existence of a compact quantum symmetry group, see [3j for details. 
However, although Goswami's work was one of the inspirations for [4], it seems that Goswami's 
quantum isometry group in [6J cannot, in general, be seen as a particular case of the quantum 
symmetry groups defined in [3| (because the subspace spanned by the eigenvalues of Goswami's 
Laplacian does not seem to form a subalgebra in general). 



It is the purpose of the present paper to propose a construction that simultaneously generalizes 
the quantum symmetry groups of Goswami and of Banica-Skalski. We define and construct the 
quantum symmetry group of a Hilbert module endowed with an orthogonal filtration. The concept 
of Hilbert module endowed with an orthogonal filtration is inspired by Banica-Skalski's notion of 
C*-algebra equipped with an orthogonal filtration, and is a natural generalization of it. Also, to an 
admissible spectral triple in the sense of [B], one can associate an appropriate Hilbert module en- 
dowed with an orthogonal filtration, and our quantum symmetry group coincides with the quantum 
isometry group in [6j. 

The concept also has the interest to provide an alternative approach to the quantum isometry 
group of a spectral triple. The main difference with the approach of [6j is that, instead of extracting 
from the spectral triple an analogue of the Laplacian on functions (the so-called "noncommutative 
Laplacian") and making appropriate assumptions on its spectrum, we directly use the Dirac operator 
of the spectral triple, its spectrum and its natural domain. We then add assumptions to these data 
to get the desired orthogonally filtered Hilbert module. In the case of ordinary compact Riemannian 
manifolds, it is also possible to use our framework to provide an approach to the quantum isometry 
group, using the Hilbert module of continuous sections of the bundle of exterior forms, although we 
have not been able to show that our exterior forms based quantum isometry group coincides with 
the one of Goswami in [B] (it is always a quantum subgroup). 

The paper is organized as follows. In the first part, we briefiy recall some basic definitions about 
compact quantum groups. Then we introduce in part 2 the concept of Hilbert module endowed 
with an orthogonal filtration, and define the category of "quantum transformations groups" for a 
Hilbert module equipped with an orthogonal filtration (our starting point being the notion of action 
of a compact quantum group on a Hilbert module given in [1]). Part 3 is devoted to the proof of 
the existence of a universal object in this category. In the last part we discuss some examples and 
compare our construction with the ones of Goswami and Banica-Skalski mentioned previously. 

Notations and conventions: By algebra we will always mean unital algebra. So that algebra 
morphisms are assumed to preserve the units. The symbol will denote the algebraic tensor 
product, while ® will denote tensor product of maps, spatial tensor product of C*-algebras, or 
exterior tensor product of Hilbert modules. If j4 is a C*-algebra, we will denote by S{A) the set of 
states on A. 

1. Compact quantum groups 

We recall here some basic definitions on compact quantum groups. See [15 tll6t [T^ and [TU] for more 
details. 

Definition 1.1 — A Woronowicz C* -algebra is a couple (Q,A), where Q is a C*-algebra and 
A:Q— ^Q^Qisa *-morphism such that: 

• (A (g) idq) o A = {idq (g) A) o A, 



• the spaces span{A{Q).{Q (g) Ig)} and span{A{Q) .{1q Q)} are both dense in Q Q. 

Definition 1.2 — Let {Qq,Aq) and (Qi, Ai) be Woronowicz C*-algebras. A morphism. of Woronow- 
icz C* -algebras from Qq to Qi is a *-morphisni: 

H '■ Qo ^ Qi such that (^ (g) ^) o Aq = Ai o /_i. 

The category of compact quantum groups is then defined to be the opposite category of the 
category of Woronowicz C*-aIgebras. 

Definitions 1.3 — Let Q = (Q, A) be a Woronowicz C*-algebra. 

• A Woronowicz C*-ideal of Q is a C*-ideal I oi Q such that A(/) C Ker(7r (g vr), where 
TT : Q ^ Q/I is the canonical quotient map. 

• A Woronowicz C*-subalgebra of Q is a C*-subalgebra Q' of Q such that A{Q') C Q' ® Q' . 
Definition 1.4 — Let Q be a Woronowicz C*-aIgebra. A matrix {vij)i^ij^n £ -^niQ) is cahed 

n 

multiplicative if we have A{vij) = "^ vik® v^j for all i,j. 

k=l 
The concept of an action of a quantum group on a C*-algebra is formalized as follows. 

Definition 1.5 — Let Q be a Woronowicz C*-algebra and let ^ be a C*-algebra. A coaction of Q 
on y4 is a *-morphism a : A —?■ A® Q satisfying: 

• (a idq) o a = {idA ® A) o a, 

• span{a(A).(l (g) Q)} is dense m A® Q. 

We say that a coaction a of Q on A is faithful if there exists no nontrivial Woronowicz C*-subalgebra 
Q' of Q such that a{A) C A® Q' . Furthermore if r is a continuous linear functional on A, we say 
that a preserves r if (r g) idq) o a = t{-)1q. 

2. Quantum groups actions on Hilbert modules 

We recall now the definition of an action of a compact quantum group on a Hilbert module (see [7j 
for background material on Hilbert modules). Then we introduce the notion of orthogonal filtration 
on a Hilbert module, give some natural examples of such objects, and define what we mean by 
preserving the filtration for an action of a compact quantum group on a Hilbert module endowed 
with an orthogonal filtration. 

Definition 2.1 — Let j4 be a C*-algebra. A (right) pre-Hilbert A-module is a vector space E, 
equipped with a (right) ^-module structure together with an yl- valued inner product {■\-)a-, that is 
to say: 

. V^, 7?, C G i?, Va, h G A, {i\r,a + Cb)A = {^\v)Aa + (C|C)a6, 



• y^GE, (CIOa ^ and if {C\Oa = then ^ = 0. 

1 
We define a norm || • \\a on E by setting for ^ £ E, \\^\\a = IKCj^Alh- If furthermore E is complete 

with respect to this norm, we say that i? is a (right) Hilhert A-module. 

We say that E is full if the space {E\E)a = span{(^|7?)yi ; ^, t? € E} is dense in A. 

Left Hilhert A-modules are defined analogously, except that the ^-valued inner product a{-\-) 
has to be linear in the first variable and antilinear in the second one. In what follows we will mostly 
consider right Hilbert modules. Of course, the construction can be adapted for left Hilbert modules. 

The notion of coaction on a Hilbert module is due to Baaj and Skandalis [TJ Definition 2.2]. But 
working with Woronowicz C*-algebras instead of Hopf C*-algebras simplifies the original definition: 

Definition 2.2 — Let ^ be a C*-algebra and let E he a, Hilbert yl-module. A coaction of a 
Woronowicz C*-algebra Q on E consists of: 

• a coaction a : A ^ A(^ Q, 

• a linear map (3 : E ^ E (^ Q satisfying: 

(a) (/3 ® idq) o /? = {ids «) A) o /?, 

(b) span{/3(£^).(l (g) Q)} is dense in £' (g) Q, 

(c) VC,ry G S, (/3(e)|/3(7?))A»Q = "((el^)^), 

(d) VCeS,Vae^,/3(C.a) =/3(0•a(a)• 
We say that the coaction (a, (3) of Q on E is faithful if there exists no nontrivial Woronowicz 
C*-subalgebra Q' of Q such that /3{E) d E (^ Q' (note that we do not require a to be faithful). 

Remark 2.3 — If (q, /3) is a coaction of a Woronowicz C*-algebra Q on a Hilbert A-module E, 
then 15 : E ^ E ® Q \s necessarily continuous. Indeed: 

For all i e E, \\m\\\^Q = II (/3(0 1/3(0)^^(3 II = Mm)A)\\ ^ ik^ioaH = iieiii- 

Definition 2.4 — Let yl be a C*-algebra, let r be a faithful state on A and let i? be a Hilbert 
A-module. An orthogonal filtration (r, (Fi)jGj, J, Co) of E consists of: 

• a family (V^,)jgi of finite-dimensional subspaces of E such that: 

(a) for all i, j G X with i / j, V^ G Vi and Vr? G Vj, T{{i\r])A) = 0, 

(b) the space £"0 = X) ^ is dense in [E, \\ ■ \\a)-, 

• an element ^q £ E, 

• a one-to-one antilinear operator J : £q ^ E. 



Examples 2.5. 

(1) Let M be a compact Rieinannian manifold. The space of continuous sections of the bundle 
of exterior forms on M, r(A*M), is a Hilbert C(M)-module. We can equip it with an 
orthogonal filtration by taking r = J ■ dvol (where dvol denotes the Riemannian density of 
M), ^Q = m >-^ 1a* Afi J '■ r(A*M) — 7> r(A*M) the canonical involution and (Vi)jgN the family 
of eigenspaces of the de Rham operator D = d + d*. 

(2) We recall from [3] the definition of a C*-algebra equipped with an orthogonal filtration: 

Definition 2.6 — Let ^ be a C*-algebra, r be a faithful state on A and (Vi)igx be a family 
of finite-dimensional subspaces of A (with the index set I containing a distinguished element 
0). We say that (r, (l^)igi) is an orthogonal filtration of A if: 

(a) Vo = C.Ia, 

(b) Vi, J € I such that i / j, Va G Vi and V6 € V^-, T{a*b) = 0, 

(c) the space Aq = J2 ^i ^^ ^ dense *-subalgebra of A. 

Setting E = A (with its canonical Hilbert A-module structure), ^o = 1a and J = a i— )■ a*, 
then (r, {Vi)i£x, J, ^o) is an orthogonal filtration of E. 

(3) Let {A,7i,D) be an admissible spectral triple in the sense of p. We set: 

(a) E = A = ^^^^\ 

a I-)- ^^ ,, ^, — ^ if v. is infinite dimensional, 
TrU\D\-P) 

the usual trace otherwise, 

where Tr^ denotes the Dixmier trace and p is the metric dimension of (Ayl-LjD), 

(c) the (l^)igN are the eigenspaces of the 'noncommutative Laplacian', 

(d) ^0 and J are respectively the unit and the involution of A. 

The couple (r, (yi)i^fq) is not in general an orthogonal filtration of A in the sense of [3] since 
y^ Vj is not necessarily a *-subalgebra of A. However, {T,{Vi)i£-M,J,S,o) is an orthogonal 

iGN 

filtration of A, seen as a Hilbert ^-module. 

(4) Let us recall some common conditions on spectral triples. 

Definition 2.7 — Let [A^T-i^D) be a spectral triple with finite metric dimension p. 

• We say that [A, H, D) satisfies the finiteness and absolute continuity condition if the 

space 'H°° = (j Dom(Z) ) is a finitely generated projective left ^-module, and if there 

ken 
exists q € Mn{A) with q = q^ = q* such that: 

(a) n^ ^ A'^q, 



(b) the left ^-scalar product ^(-l-) induced on 'H°° by the previous isomorphism sat- 
isfies: 

TrM{m\D\-n ^ , ... 

Tr^{\D\-'P) y'l\'^>H- 

(Note that if (A,7i,D) is regular then T-C^ is automatically a left ^-module.) 

• We say that {A, H, D) is real if it is equipped with an antiunitary operator J^ : H —> H 
such that J(Doin{D)) C Dom(i:>) and Va, b e A, [a, Jb*J*] = 0. 

If (A, H, D) satisfies the finiteness and absolute continuity condition it is natural to consider 
A = A and the Hilbert ^-module E obtain by completing T-C^ (for the A-norm). The 

eigenspaces (Fi)igN of D are two by two orthogonal in "H, thus V^ € Vi, Vry G Vj such that 

^ / J) we get t(a(^|^)) = where t = a ^^ ^ — — . If r is faithful and Sq is dense in 

Tr^{\D\ P) 

E, then E can be equipped with an orthogonal filtration (with J : Sq —?■ Sq any one-to-one 
antilinear map and e.g. ^o = 0). 

If we assume furthermore that {A, Ti, D) is real, then a natural choice is to set J = J'lso- 

Notation 2.8 — Let ^ be a C*-algebra and let £■ be a Hilbert A-module endowed with an orthog- 
onal filtration (r, (T^i)igj, J,£.o)- We define on £■ a scalar product by: 

ytv^E,{C\r])r=Tmv)A). 

We denote by H the completion of E with respect to this scalar product and by || • ||,- the norm 
associated with it. 

Remark that So = QVi C U and since V^ G E, ||^||2 = t{{^\Oa) ^ IKCIOaH = U\\a ^e have a 
continuous injection E ^^ % with dense image. 

We will define now the coactions that preserve the structure of a given Hilbert module equipped 
with an orthogonal filtration. This will allow us to describe the category of its "quantum transfor- 
mations groups". 

Definition 2.9 — Let ii^ be a Hilbert A-module equipped with an orthogonal filtration 
(r, (T^)igi, </, ^o)- A filtration preserving coaction of a Woronowicz C*-algebra Q on E \s a coaction 
(a, /3) of Q on £■ satisfying: 

• {T^idg) oa = t{-)Iq, 
. yi(^X,p{Vi)(ZViQQ, 

• {J ® *) o (3 = (3 o J on So, where * denotes the involution of A, 

• /3(eo) = Co ^ 1q- 

In this case, we will also say that Q coacts on ii^ in a filtration preserving way. 



Definition 2.10 — Let E he a, Hilbert ^-module equipped with an orthogonal filtration 
(r, {Vi)i)zx, J, Co)- We will denote by C{E,t, (Vi)jgx, J, Co) the category of Woronowicz C*-algebras 
coacting on i? in a filtration preserving way. If (ao,/So) and (ai,/3i) are filtration preserving coac- 
tions of Woronowicz C*-algebras Qq and Qi on E, then a morphisni from Qq to Qi in this category 
is a morphism of Woronowicz C*-algebras f^ ■ Qo —^ Qi satisfying: 

ai = {idA /i) o ao and /3i = (idE ^ fJ-) o /3o- 

Remark 2.11 — If £^ is full and fi : Qq — )■ Qi is a morphism of Woronowicz C*-algebras satisfying 
/?! = {idE ® ju) o /3o, then /i automatically satisfies ai = {idA ® /u) o ao- 
Indeed, for all C, ^ € -E: 

"i((CI^)a) = (/3i(C)!/5i(??))a®Qi = ((ids <8) /i) o /3o(C)IM£ <» /^) o /3o(??)>a®Qi 
= {idA ® /i)((/3o(C)l/3o(^))A®Oo) = (^t^A //) o ao((C|??)A)- 

And since i? is full, we get ai = {idA 'S' ^J') o ao- 

Remark 2.12 — When E = T{A*M) is equipped with the orthogonal filtration (t, (Vi)jgN, J, Co) 
described in example 12.51 (11, the full subcategory of C{E, r, (14)jgx, J, Co) consisting of commutative 
Woronowicz C*-algebras coacting on T{A*M) in a filtration preserving way is antiequivalent to the 
category of compact groups acting isometrically on M (see section 14.21 for more details) . This ex- 
plains our choice of seeing the opposite category of C{E, r, {Vi)i^x, J, Co) as the category of quantum 
transformations groups of E. Moreover since the isometry group of M is a universal object in the 
category of compact groups acting isometrically on M, we will define the quantum symmetry group 
of £^ as a universal object in C{E, r, {Vi)i^x, J, Co)- Proving the existence of such a universal object 
is the aim of the next section. 

3. Construction of the quantum symmetry group of a Hilbert 
module equipped with an orthogonal filtration 

The following theorem generalizes the results of Goswami [6J and Banica-Skalski [1]. 

Theorem 3.1 — Let A be a C*-algehra and let E he a full Hilbert A-module endowed with an 
orthogonal filtration {T,{Vi)i,^x, J,(,o)- The category C{E,T,{Vi)iQX, J, Co) admits an initial object, 
which means that there exists a universal Woronowicz C* -algebra coacting on E in a filtration pre- 
serving way. The quantum group corresponding to that universal object will be called the quantum 
symmetry group of {E, r, {Vi)i(zx, J, Co)- 

Examples will be discussed in the next section. This section is devoted to the proof of Theo- 
rem 13.11 The proof mostly consists in carefully adapting Goswami's arguments in [51 Section 4] . 
In what follows E denotes a full Hilbert module over a given C*-algebra A, equipped with an 
orthogonal filtration (r, (Vi)jgi, J, Co)- 



Lemma 3.2 — Let (a, /?) be a filtration preserving coaction of a Woronowicz C* -algebra Q on E. 
The Q-linear map f3 : Sq Q Q —> Sq Q Q given by f3{S, x) = /3(^)(1 (g) x) extends to a unitary of the 
Hilbert Q -module T-i® Q. 

Proof. We have for ^,ri e So and x,y e Q: 

m ^ xMr] (^ y))Q = x*{m\Piv))Q y 

= x*{t id){{mmv))A^Q) y (by definition of (•!•). = t((-|-)^)) 
= x*{T®id) oa{{(\r])^)y 

= X* T{{S,\r])^) y (since (r (g) id) o a = t(-)1q) 

= (?l^)r x*y = (^ x\r] ® y)Q. 

In particular /? is isometric and thus extends to a Q-hnear isometric operator still denoted by 
I3:'H®Q^'H(^Q. To show that j3 is unitary, it is enough to check that /3 has dense image. Since 
span{/3(£').(l (^ Q)} is dense in E (^ Q and £q is dense in E^ it follows that span{/?(£'o).(l ® Q)} 
is dense m. E di) Q. Moreover the canonical injection E Q ^^ Ti Q has dense image, so that 
span{/3(£^o)-(l ^ Q)} is also dense in "H ® Q. D 

Notation 3.3 — We define on £q a left scalar product by: 

riciv) = r{{m\jmA). 

For each i € X we set di = dim(Vi) and we fix: 

• an orthonormal basis (eij)i<jj^(i. of Vi for the right scalar product (•|-)r, 

• an orthonormal basis {fij)i<^j<^di of Vi for the left scalar product r('|')- 

We denote by p^*-* G GL^^. (C) the change of basis matrix from (fij) to the basis (ejj) of Vi and we 
set s^"^' = p^'^'^pi'^). 

Lemma 3.4 — Let (a,/5) be a filtration preserving coaction of a Woronowicz C* -algebra Q on E. 
For all i £ I, we denote by v^"^' the multiplicative matrix associated with the basis {eij)i^j^di ^f ^^^ 

Q-comodule Vi (in other words, v^^' is characterized by: \/j,(3{eij) = Y^ Cj^ (^Vj^-). 

fc=i 

• For all i G X, the matrix v^^' = {Vkj)i^k,j^di is unitary and 

t;W*sW^(s»)~' = S«^(s«)"'f»* = Id, 

• The unital C* -subalgebra Q' ofQ generated by {vj^j ; i G I,j,k G {1, . . . , di}} is a Woronowicz 
C* -subalgebra of Q satisfying a(A) C A^ Q' and (3{E) C E ^ Q' . 

Furthermore (a, (3) is a faithful filtration preserving coaction of Q' on E. 



Proof. First let us check that the u'^^'s are unitary matrices. 

Consider the unitary /3: 7i(SiQ^7i®Qo{ the Hilbert Q-module Ti ® Q constructed in the 

previous lemma. For all i,j,m,n, we have (eij(g)l|/3(em„(8)l))Q = 6imvf.^ = J2 {eik®vf^*\emn®l)Q. 

k=i ■' 

Thus for all i,j, we have /? (etj ® 1) = X) Cjfc ® vJ . Then we get: 

k=i ■' 

eij(g) 1=^0 -p*{ei, 1) = £ /3(e,fc)(l ® vf^*) = f] e^^ r^f^r^jf , 

fc=i fc,/=i 

which shows that for all /, j € {1, . . . , dj}, J2 '^il'^ik ~ ^'j' ^-^^ v^^'v^^'* = I^. . 

_ _ fc=i -^ 

Similarly (using Cij^l = (3 o/3(ejj(8'l)) we get v^^'*v^^' = Id^- Thus the matrices v^'"' are unitary. 

* Let us show now that v'^'^^s^^v^is^'^y^ = s^'^v(^{s^'^)'^v^'^^ = Id,. 

Let i £ Z. As f '*' is a multiplicative and unitary matrix in a Woronowicz C*-algebra, the matrix 
^(0* is invertible in ^Ad.^{Q) {cf. [9j), so it is enough to prove that z;(*)*s(*)u(*)(s*^*^) = Id^- 
Using Sweedler's notations, we get for ^,r/ S Sq: 

QimiPiv)) = E^ (('^(^{o))I'^('?(o)))a) ^(1)^/(1) = E(^ ® ^^) (('^(^(o)) ® e(*i)i^(^(o)) ® ^(i)>a»q 

= (r id) (((J ® *) o /3(0|(J *) o (3{ri))A^Q) = (r ® id) ((/? o J{^)\(3 o 7(7/))^^^) 
= (r zd) o a ((J(OI^(^)>a) = r ((J(OI^(^))a) 1q = r(el^)lQ- 



Moreover, since /3(yj) CViQQ, there exists w^*) G Md,iQ) such that Vj, /3(/ij) = Y. fik® 

k=l 

Then we get Q{l3{hj)\/3(fik)) = E r(/ii|/*m)u'J-^w'!^fc = E ^^/?w^!fc * = T(/y|/iA:)lQ = Sjk- 

l,m=l 1=1 

This shows: 



u;«*y;W=/^^. (1) 

Furthermore we have for all J, ejj = E pL-/jfc) thus tt;'*-* = p^*)f'*-'(p'*))~"^. Then replacing it; ^^-^ in the 



* Ji). 



fc=l 



equality (HD we get (p(*)*) t;(*)*p(^)*p»?;(0(p(0) = J^,, which shows that v(*)*s(*)uW(s(*)) = 1^,, 
where s^*-* =p'*)*p(*). 

* It then follows easily that Q' is a Woronowicz C*-subalgebra of Q satisfying a{A) d A® Q' 
and (3{E) C E Q'. Indeed, since the v^^'^s are multiplicative matrices, we have A{Q') C Q' ® Q' 
so that Q' is a Woronowicz C*-subalgebra of Q. Moreover f3{£o) C Sq Q Q', thus f3{E) d E ® Q' . 
Then for ah ^,77 G 80, a((e|??)A) = (/3(OI/3(^))a®q C (S Q'\E ® Q')a®q C A (g) Q'. This shows 
a{A) d A®Q' since (£^o|^o)a is dense in A. 

-k It remains to check that (a, /3) is a faithful filtration preserving coaction of Q' on E. 

We only show that span{a(A).(l(g)Q')} and span{/3(£').(l(8)Q')} are respectively dense in A®Q' 
and E ® Q' (the other conditions that must satisfy (a, /?) to be a filtration preserving coaction of 
Q' on £^ directly follow from the fact that it is a filtration preserving coaction of Q on £^). 



We have for all i,j: 

di 



A:=l k,l=l k,l=l 



di 

= E ei« O <J«j (since v'^^v'^'^* = h, 
1=1 

= Cij (g) 1. 



This implies that span{/3(-E).(l®Q')} is dense in E^Q' . Moreover, we have seen that for all i S X, 
z;(*) is invertible in M-dSQ') with inverse x^*^ = (s^*') t;(*)*s(*). 
Let i, j G X, m € {1, . . . ,dj} and n E {1, . . . , dj}: 



E E '^iMe.i)^). (l ® .il)*x« ) = E E (/5(«.;^)l/5(e,.))^^Q. (l 
fc=i i=i fc=i/=i 



nZ km 
--11=1 

=ii{p{eik)\izp{^jiu^®v^h)A^Q.{i®xfj 

k=l 1=1 

ej„(g)l 
di 
= E i^il®^ik\^Jn(^l)^^Q-(^®x'il) 
k,l=l 
di 

rfi 

= E i^il\^Jn)A ^ ^Irn (car w(»)x^*) = IrfJ 

Z=l 

^ \Cim|6j7i/^ •§>> J-- 

Thus for all i,j,m,n, (ejm|ej„)^ (g) 1 is in span{a(^).(l Q')}- By density of (£'o[<?o)a i'^ ^' ^^^i^ 
shows that span{a(yl).(l (gi Q')} is dense in A (g) Q'. D 

Notation 3.5 — For all i G X, we consider ^„(s'*') the universal Woronowicz C*-algebra of Van 
Daele and Wang (see pJJ) associated with s*-*'. That is, Au{s^^') is the universal Woronowicz 
C*-algebra generated by a multiplicative and unitary matrix u*-*) = {'Ukj)i^k,j^di, satisfying the 
following relations: 

n«*s»^(s«)"' = s«^(s«)"'n«* = la^. 

We set U = ^ Au{s^^^) and fHu '■ £o ^ £o Q ^ the linear map given by: 

di 

Pu{eij) = E^ifc '^%-- 

k=l 

See ^12j for the construction of free product of compact quantum groups. 
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In the following, if (Q, A) is a Woronowicz C*-algebra and / is a Woronowicz C*-ideal of Q, we 
will denote hy ttj : Q ^ Q/I the canonical projection and by A/ the canonical coproduct of Q/I 
(i.e. A/ : Q/I -^ Q/I Q/I is the unique *-morphism satisfying A/ o vr/ = (vr/ (g) ttj) o A). 

Lemma 3.6 — Let (a,/3) be a faithful filtration preserving coaction of a Woronowicz C* -algebra 
Q on E. There exists a Woronowicz C* -ideal I d U and a faithful filtration preserving coaction 
{ai,Pj) of hi /I on E such that: 

• lA/I and Q are isomorphic in C{E,T,{Vi)i^x,J,Co)! 

• /3/ extends {id (8) vr/) o /3„. 

Proof. For all i E X, we denote by v'-*-' the multiplicative matrix associated with the basis 
{eij)i^j^di °^ ^^^ Q-comodule Vi. In virtue of lemmaElH we know that v^^' is unitary and satisfies 
y(*)*5(«)|;(«) (§(«)) = s(*)|;(«)(s(*)) yW^ = I^_, So by Universal property ofW there exists a morphism 
of Woronowicz C*-algebras ^ : U —> Q such that for all i,p,q, Ii{upq) = Vpq. Then Im ^ is a 
Woronowicz C*-subalgebra of Q and for all i,j: 

di 

Pi^ij) = '^(^ik^ %■ = (^^ fXi /i) o Puieij). (2) 

fc=i 

Thus the inclusion /3(£') <Z E ® (Im ^) holds, so that ^ is necessarily onto (since the coaction is 
faithful). We set / = Ker //, we denote by ft : U/I — >■ Q the isomorphism of Woronowicz C*-algebras 
such that /i o TT/ = /i and we set a/ = {id 11^^) o a and /?/ = (id iX) /i~^) o /?. It is then easy to see 
that (a/,/3/) is a filtration preserving coaction, and that: 

fl : {U/I, A/, aj, /3j) — > {Q, A, a, /?) is an isomorphism. 

Thanks to ([2]), we see that f3j = {id ® p-^^) ° (3 extends {id ^ vr/) o f3y_. D 

Before proving Theorem 13.11 we need a last lemma. 

Lemma 3.7 — Let A and B be C* -algebras and let .J" be a nonempty family of C* -ideals of B. Set 
Iq = n I; ^"nd for I G ^ , set pi : B/Iq — >■ B/I the unique *-morphism such that: 

B 

VTo /^ \. vr/ 

B/Io -B/I 

where ttq and vr/ denote the canonical projections. Then we have, for all x € A ^ {B/Iq): 

\\x\\ = sup \\id 1^ pj{x)\\. 
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Proof. For b G B/Iq and x e A^ B/Iq we set: 

||6||oo = sup ||p/(6)|| and ||x||oo = sup ||i(i (g)p/(x)|l. 

This defines C*-seniinorms on B/Iq and A (8) B/Iq respectively. In fact since Iq = fl -^j ^^ S^t 

tliat II • lloo is a C*-norni on B/Iq. So by uniqueness of the C*-norm on B/Iq, \\ ■ \\oq coincides with 
the usual norm on B/Iq. To prove the lemma, we will use the same argument on A ^ B/Iq, thus 
we only have to show that || • ||oo is a C*-norm on A^ B/Iq. 

Let X he in A 1^ B/Iq such that ||x||oo = 0. Then for all I £ .y, {id (g)p/)(x) = 0. Thus 
(/ (g) (g o pi)){x) = for all / G S{A) and all g G S{B/I). But the convex hull of the set 
Sq = {g o Pi ; I £ y ,g £ S{B/I)} is weak*-dense in S{B/Iq). Indeed, we have for every self- 
adjoint element b G B/Iq: 

\\b\\ = ||6||oo = sup \\pi{b)\\ = sup \gopi(b)\ = sup \h{b)\ 
i&.j^ ie./,geS(B/i) heSo 

and it follows from |14[ Lemma T.5.9] that S{B /Iq) is contained in the weak*-closed convex hull 
of Sq. Consequently, we have for all / G S{A) and all g G S{B/Iq), (/ g){x) = 0. Since any 
continuous linear functional on a C*-algebra is a linear combination of states, we get {f ® g){x) = 
for all f £ A* and all g £ {B/Iq)*. Then by O Proposition 3.2.11], we conclude that x = 0. D 

We are now ready to prove Theorem 13. li 

Proof of Theorem I3.1[ We denote by ^ the set of ah C*-ideals I CU such that: 

{id ® TTj) o j3u extends to a continuous linear map /3j : E —^ E <Si U/I such that there exists a 
*-morphism ai : A ^ Adi) 11/ 1 preserving r and satisfying: 

. V^,7? G E, {Pi{mM)Amii = M{i\ri)A), 
. VC G i?,Va G A,pi{i.a) = /3/(0 •«/(«), 
• {J ® *) o (3j = j3j o J on £q, 

• Pi{io) = io®i. 

The set J^ is nonempty, since it contains the kernel of the counit e : U —?■ C (this can be directly 
checked, or seen by applying lemma [3^6] to the trivial coaction A —^ A(SiC, E —?■ E i^C). 
We denote by Iq the intersection of all elements of ^, by Qq = U/Iq and hy ttq : U ^ Qq the 
canonical projection (as intersection of C*-ideals, Iq is a C*-ideal, so ttq is a *-morphism). Let us 
show that Iq £ y . 

-k First let us show that {id (^ tto) o /3^ extends to a continuous linear map j3q : E ^ E ® Qq. 
Note that ioi x £ E ® Qq, \\x\\j^f^Q^ = sup \\idE ®Pi{x)\\Afif,u/i- Indeed: 



I^IIa«)Qo ~ IK^I^)a®qoI 



sup \\{idA ® Pi){{x\x) A(^Qn)\\ ^y ^^^ previous lemma) 



le-y 



sup \\{idE ®Pi{x)\idE®Pi{x))jyi^i^/j\\ = sup \\idE ®Pi{x)\\\tm/i- 

I&y ' /G,y ' 
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Furthermore we have for all ^ € i?o and all / € J^: 

ii(ids®^,)o/3„(oiii^i,/, = \m{omo)Am/i\\ = \\M{mA)\\ ^ ik^ioaIi = it^ii 

since aj is a *-niorphisni. Hence for all ^ G £q: 

\\{idE vro) o ^„(OIU®Qo = sup \\{idE {pi o tto)) o ^u{0\\Am/i 

= sup \\{idE (E) vr/) o MOW Am/i ^ H^IU' 

which shows that (id (8) ttq) o /?„ extends to a continuous linear map I3q : E ^ E <^ Qq. 
•k Next let us show that there exists a linear map ao : {£o\£q)^ -^ A0 Qq such that 



Ve,r/ G £o,aomr])^) = {id(g}TTo) [{MOlPuiv)) a®u 



It, 

Let .^1, . . . , ^„ and 771, . . . ry„ be elements of Sq such that J2 {Ci\Vi)A ~ ^■ 

1=1 
Then for ah / G J^^: 



n n n 

J2iid0nj) {{f3umMv^))A^u) = E if^Ii^^MiV^))A^U/I = E «K(^.|^.)a) = «/(«) = 0. 



1=1 

Thus we have: 

n 



i=l 



i=l 



J2i^d(E^To)[{PuiC^)\|3uir]i))A^U 

i=l 



sup 



X^(id^7r,)((/3„te)|/3„(7?^)) 



A®W 



4 = 1 



0. 



This shows that we can define a linear map ckq : (<So|'S'o)yi ^ ^ (X) <5o by the formula 

/ n \ n 

ao(E(^^l^^)A =EN^^o)((/3«te)|/3„(??»))^ 



/A®Wi • 



Vi=l 



j=l 



* Let us check that ao : {£o\£o)j^ -^ A <Si Qo extends to a *-morphism oq '■ A ^ A i^i Qo 
preserving r. We get for all ^, r/ E (Sq and all / in ^: 



{id (g) pi) o ao((?|??)A) = N <» W) ° (id (E> ttq) ((/3«(0 I/3m(??))a^w^ 

= izd(^7Tj) {{MOlMr]))^^^) = ajmr])A)- 

Hence {id^pj) o qq and q/ coincide on {£q\£q)^. Consequently we have for x G {£o\£o)j^: 

||ao(a;)|[ = sup \\{id (^ pi) o ao(a:)|| = sup ||Q/(a;)|| ^ ||x||. 

Thus qq extends continuously to A. Moreover for all a, 6 € A, we have 

{id <Si pi){ao{ab) — ao{a)ao{b)) = aj{ab) — ai{a)ai{b) = 
and {id <^ pi){ao{a*) — ao{a)*) = aj{a*) — aj{a)* = 0. 

Hence ||ao(a6) — ao{a)ao{b)\\ = sup \\{id (^ pi){ao{ab) — ao(a)ao(^))|| =0. 



13 



Similarly, we get ||ao(a*) — Qo(a)*|l = 0. So ao is indeed a *-morphism. Moreover for all a G A 
and all I ^ J^, we have 

Pi o [t ® id) (ao (a) ) = (r (g) pi){ao (a) ) = {t (E> id) o aj (a) 
= ^(a)lw// =p/(r(a)lQo). 

Thus ao preserves r. 

* We are now ready to check that Iq E J^. For all S,,r] a £o we have (by construction of ao) 
that ao{{S,\ri)A) = {(3o{0\(^oi''l))A»Qo, and this equality extends by continuity for (,,7] ^ E. Since 
{idA <K) Pi) o ao = aj and (id^; (g) p/) o /3o = /3/ for all / G ^, we get for all ^ G E' and a £ A: 

||/3o(^.a) -/3o(0-ao(a)|| = sup ||(i(is «)p/) o/3o(^.a) - (id^ «)p/) (/3o(^).ao(a)) || 

= sup ||(id£ (gipi) o/3o(,f.a) - [(ids "gp/) o /3oiO].[{idA pi) oao(a)]|| 

= sup|I/3j(e.a)-/3/(e).a/(a)||=0. 

Thus /3o(^.a) = /3o(^).ao(a). 

Similarly for ^ G ^Tq, ||(J *) o /3o(0 - /Sq o J(^)|| = sup ||(J ^ *) o pj{^) - pj o J{^)\\ = and 

II/?o(?o) - Co (Xi IqoII = sup ll/5/(Co) - ■?o <X) 1^///|| = 0. Thus we have ( J ® *) o /3o = /3o o J on So and 

/3o(Co) = ■Co <^ 1- We conclude that /q G J^. 

We set K = Ker((7ro ig ttq) o A^^). In order to show that /q is a Woronowicz C*-ideal we have to 
check that /q C -R', and by definition of Iq it is enough to show that K G J^. 

Denote by fi : U/K — )■ Im((7ro(X>7ro)o A;^) the C*-isomorphism that satisfies (vrof^vro) o A^ = /iovrx- 
Then for all j,j: 

{id (g) /i) o {id (g) -kk) ° Pu{eij) = {id ttq ttq) o {id (g) An) o (3u{eij) 

di di 

= ^ en® Tio{uik) ® T^o{Ukj) = Xl(/^o O id){eik O vro(4*j)) 

k,l=l k=l 

= {Po(gid)oPo{e^j). (3) 

Thus we have {j3o®id)oj3o{E) C £'(g)Im //, and we set Pk = {id®^~'^)o{j3o®id)ol3o : E -> E®U/K. 
We get for all i, j, m, n: 

(di dm 

{^eiktg 7ro(%- )l X! ^'"^ ® 7ro(uJ™0)Acg)Qo 
fc=l z=i 



ao g) id ^{eik\emi)A ® vro( 






^kj "'In 
k,l 



J2(Meik)\Po{eml))A(>^Qo <» ^o(4i*4r 



\HiJ\^ik)\HU\^ml)/A(g)Qo '^ "OV- 
fc,i p=l 5=1 
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k,l,p,q 

= ((/3o ic?) o /3o{eij)\{l3o id) o /3o(ew))A®Qo^Qo 

= (id®//)((^i^(eij)|/3/r(ew))). (4) 

Hence for ^,77 S S, we have 

(ao id) o ao((e|r?)A) = iiPo ® ^d) o /3o(e)l(/3o ® id) o /3o(^))a®Qo®Qo ^ A Im /x. 
Thus we also have (ao id) o ao(^) C A^ Im ^u, and we define: 

ax = (id ® fi^^) o (ag (g) id) o oq : A — ^ A <8> Z///i^. 

We know from ^ that Pk extends {id(^iTK)°Pu and from ^ that for all ^,7] & E, q/^((,^|?7)a) = 
(/3;^(OI/5x(^))A®w/i^- 

* Let us check that q/^ preserves r. We have for all a & A: 

(r (g) id) o axix) = (r idu/K) ° {idA ® A*""^) o ("o "^ idQo) o ao{x) 
= ^jT^ o{t ® idq^^ (g) idQg) o {ao (g) idqj o ao{x) 
= fJ-'^ ° ('r(-)lQ() ® idq,^) ° "o(a:) = fJ-'^ (Iqo (r idgj o ao(x)) 
= ^"^ (IQo «) 'r(2;)lQo) = 'rix)'i^U/K- 

•k We have for S, ^ E and a G j4: 

/3i^(C.a) = {id ® ^-1) o (/3o id)(/3o(6a)) = (^c? /x"^) o (/3o id)(/3o(0-ao(a)) 
= (id (g) /i~^) ((/3o (g id) o /3o(C)-(o;o (g id) o ao(a)) = l3K{0-<^K{a). 

•k Moreover, we have on £q: 

( J (g *) o /3i<- = ( J (g) *) o {idE ® /u"^) o (/3o (g id) o /3o = (id^; (g) |U"^) o ( J * (g *) o (/3o (g id) o /3o 
= (id^; (g) //""'") o (/3o (g id) o ( J (g) *) o /3o = (id^; (g) ;U~"^) o {j3q ® id) o j3q o J = fi^ o J. 
and /3i^(eo) = {idE ® Z^"^) o {Po ® id) o /3o(eo) = {idE ® M~^) o {Po «> id)(eo «> 1) 
= {idE ® Ai"^)(Co <g) 1 <g) 1) = Co «) 1- 

So iC E J^ and Iq is indeed a Woronowicz C*-ideal. We denote by Aq the coproduct on Qq. 
In order to show that Qq G C(£', t, (Vi)jgj, J, ^o) it only remains to check that oq and /3o are 
coassociative and that span{ao(^)-(l ® Qo)} and span{/3o(-E).(l (?) Qo)} are respectively dense in 
A (g Qo and E (g Qq- 

* We have seen (c/. ([3])) that for all i, j, (/3o fg) id) o (3o{eij) = (id (g ttq (g) ttq) o (id (g A^) o j3^{eij). 
But (ttq <g) ttq) o /S.1J = Aq o ttq. Thus: 

(/3o (g) id) o /3o(eij) = {id (g Aq) o (id ® ttq) o /3„(ejj) = {id (g) Aq) o /3o(eij). 
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We deduce that (/3o id) o /Jg = {id ^ Aq) o (3q on E. 
Hence for S,,i] £ E: 

(ao O idgj o qo((C|?/>a) = ((/^o «) idgj o /3o(C)l(/3o O i^Qo) ° Mv)) a^Qo(?)Qo 

= {{idE Ao) o PoiOliidE ^ Ao) o Mv))a^Qo^Qo 
= (idA0Ao)((/3o(e)|/3o(r?))A«Qo) 
= (idA«) Ao) oao{{C\r])^), 

which shows (by density of {E\E)^ in A) that oq is coassociative as well. 

•k Finally, to show that span{ao(j4).(l (g) Qo)} and span{/3o(-E).(l Qo)} are respectively dense 
in A ® Qo and ii^ (8) Qo, we can proceed in the same way as in the proof of lemma [331 by checking 
that for all i,j: 



di 
k=l 



J2 Merk)il ® MUjO) = e^j 1 
and for all i,j, m, n: 






k=l 1=1 

where x^*' = (s^^')~^u^'^'^s^'^' is the inverse of u(*). Thus (aO)/?o) is a filtration preserving coaction 
of Qq on E. 

It remains to see that Qo is in fact an initial object in the category C{E,t, (Vi)igi, J, Co)- Let 
/ C W be a Woronowicz C*-ideal such that there exists a filtration preserving coaction {ai,Pj) 
of U/I on E such that Pi extends {id vr/) o /3„. We get in particular I € J^ , thus Iq C I and 
Pi '■ Qo ^ ^/I is then a morphism in C{E, r, {Vi)i^x, J, Co)- 

Such a morphism is unique. Indeed, if 77 is a morphism from Qo to U/I then {id ®ri)ol3o = /?/, 
so for all i, j, k, rj o 7rQ{u-j ) = Trj{u-j ). Hence r/ o ttq = ttj, and rj = pi follows from uniqueness in 
the factorization theorem. 

Finally, according to lemmas [3.41 and [3.6^ we conclude that {Qo,Ao,ao,(3o) is an initial object in 
C{E,T,{Vi)iei,J,Co). □ 

Remarks 3.8 — As in [4], we can make the following remarks: 

• If Q € C{E, T, {Vi)i,=.x, J, Co) coacts faithfully on E, then the morphism /u : Qo — >■ Q is onto. So 
that the quantum group associated with Q is a quantum subgroup of the one associated with 

Qo- 

• If {Wj)j^j is a subfiltration of (T^)igj (that is {Wj)j^j is an orthogonal filtration of E, 
such that Vj E J', there exists i £ X such that Wj C Vi) then the quantum symmetry 
group of (i?, T, (Wj)jgj7, J, Co) is a quantum subgroup of the quantum symmetry group of 

(E,T,(y,)iGX,^,Co)- 
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4. Examples 

4.1 Example of a C*-algebra equipped with an orthogonal filtration 

We recall from [4j the construction of the quantum symmetry group of a C*-algebra equipped with 
an orthogonal filtration. 

Definition 4.1 — Let {A,T,{Vi)i(zx) be a C*-algebra equipped with an orthogonal filtration (see 
Example 12.51 for the definition) . We say that a Woronowicz C*-algebra Q coacting on A coacts in a 
filtration preserving way, if the coaction a : A ^ ACS>Q of Q on A satisfies for all i G X, a{Vi) C ViQQ. 

Theorem 4.2 ([4J) — Let {A,t, (T^)iej) be a C* -algebra equipped with an orthogonal filtration. The 
category of Woronowicz C* -algebras coacting on A in a filtration preserving way admits an initial 
object. The quantum group corresponding to that universal object is called the quantum symmetry 
group of{A,T,{Vi)iex). 

Setting E = A, ^Q = 1a and J = a i—)- a*, it is easy to see that the quantum symmetry group of 
{E, r, (V^,)jgj, J, ^o) coincides with the one constructed in the previous theorem (if {Q, A, a) coacts on 
{A, T, (Vi)jgi) in a filtration preserving way then (r^id) oa = t(-)1a is automatic since Vq = C.Ia)- 

In fact our construction allows to see that the category of Woronowicz C*-algebras coacting on 
{A, T, {Vi)i(zx) in a filtration preserving way admits an initial object, even when the assumption "^o 
is a *-subalgebra of A" is dropped. 

In particular, we see that our construction generalizes the one of [S] in the sense that if {A, Ti, D) 
is an admissible spectral triple and if we set: 

.£ = A = :4^(^\ 

a I—)- ^" ,, „, — — if TL is infinite dimensional, 

Tr^{\D\-P) 

the usual trace otherwise, 
where Tr^ denotes the Dixmier trace and p is the metric dimension of {A, 71,0), 

• the (Vi)jGN are the eigenspaces of the 'noncommutative Laplacian', 

• ^0 and J are respectively the unit and the involution of A, 

then we recover the quantum isometry group of {A, Ti, D) in the sense of [B]. 

Given a spectral triple, we have seen in example 12.51 another way to attach an Hilbert module 
equipped with an orthogonal filtration to it (induced by D instead of the Laplacian). For an 
admissible spectral triple {A, 7i, D) satisfying conditions of example 12.51 (4). the quantum symmetry 
group of 7i°° and the quantum isometry group of {A, 7i, D) in the sense of Goswami both exist. We 
do not know if they coincide in this situation. But in the case of the spectral triple of a Riemannian 
compact manifold the question is partially solved in the next paragraph. 



17 



4.2 Example of the bundle of exterior forms on a Riemannian manifold 

Let M be a compact Riemannian manifold. Set A = C{M), t = -dvol where dvol denotes the 
Riemannian density of M and set E = r(A*M) equipped with its canonical Hilbert C(M)-module 
structure. We denote by D = d + d* : L^(A*M) -)■ L^(A*M) the de Rham operator. D is self- 
adjoint and has compact resolvent. So that sp{D) can be written as: sp{D) = {Aj ; i G N}, 
with lim |Aj| = +00 and where each Aj is a real eigenvalue of D with finite multiplicity. For 

i— >+oo 

i E N we denote by Vi the subspace associated with Aj and by di the dimension of V^. Note that 
ViCr'^{A*M), soVi CE. 

Clearly, the family (yi)igN is an orthogonal filtration of E, E is full and Ti = L^(A*M). 

We denote by ^0 = ""^ '~^ 1a* m ^ E and hy J : E ^ E the canonical involution. 

Comparison with the quantum isometry group of M as defined in [6]: 

Let (a, /3) be a filtration preserving coaction of a Woronowicz C*-algebra Q on E. For (j) a state on 
Q, the map id(^4> : L'^{A*M)qQ -^ L^{A*M) extends to a map id (g)(/> : L'^{K*M)®Q -^ L^{A*M). 
We set P^ = {id (E) (p) o p : Lp'{A*M) -^ L^(A*M). Since j3 preserves the filtration, P^ commutes 
with D on Sq. This imphes that Vfc G N, l3^{T)ora{D^)) C Dom(L>'=) and p^oD^ = D^ o ^^ on 
Dom(Z)^). Thus /?<^(r°°(A*M)) C r°°(A*M) and (3^ commutes with D'^ on r°°(A*M). Now for 
/ G C°^{M), we have /30(/) = (3^{f.(,o) = a^{f).^o = a^{f), where a^ = {id ® cf)) o a. Thus 
a<^(C°°(M)) C C°°(M) and a^ commutes with /3 (the Laplacian on functions) on C°^{M). This 
shows that a is an isometric coaction of Q on C{M) in the sense of [6J. In particular, the quantum 
symmetry group of (r(A*M), r, (K)jgN> J-, io) is a quantum subgroup of the quantum isometry group 
of M in the sense of [6j . We do not know if these quantum groups are in fact equal. 

Comparison with the isometry group of M: 

Let G be a compact group and let 7 : M x G — > M be an isometric action of G on M. Then it 
is well known that 

a : C{M) -^ C{M x G) ^ C{M) ® C{G) 

f ^ /07 
is a coaction of C{G) on G{M). 
For g G G we set 

-fg-. M ^ M and /3 : r(A*M) -^ C{G,T{A*M)) ^T{A*M) (S) G{G) 
m I— )■ mg uj ^ {g t-^ 7g(^)) 

where 7* : r(A*M) — )■ r(A*M) denotes the pullback by 7^. It is then easy to see that {a, 13) is a 
filtration preserving coaction of G{G) on r(A*M). 

Assume conversely that (a, /3) is a filtration preserving coaction of a commutative Woronowicz 
G*-algebra Q on r(A*M). We will show that a and /3 are of the previous form, so that they arise 
from an action of a compact group G on M . Since a is a coaction of Q on G{M)^ there exists a 
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compact group G such that Q = C{G) and a continuous action 7 : M x G — ^ Af of G on M such 
that: 

a = C{M) -^ C{M X G) ^ C{M) (g) C{G) 
f ^ f°l- 
For (7 S G we set Pg = {id ef^) o /3 and a^ = {id ^ evg) o a = f ^ f o ^g. We have seen in the 
previous paragraph that C'^{M) is stable under Ug and that ag commutes with the Laplacian on 
G°°{M), so that 7g is an isometry of M. Now we have to check that j3g = u ^^ l*g{^)- We already 
know that fig and Ug coincide on C{M), so j3g = oj ^^ ll{^) on G{M). 

Then we show by induction on /c G N that (3g{ijj) = 7^(1^) for all w G r(A'^M): 
Let fc G N such that for alU ^ A; and all uj G r(A'M), /3g(a;) = 7*(u;). Let /o be in G(M) and 
/i,...,A+i be in G°°(M). Then: 

/3g(d/i A ... A d/fc+i) + /33(d*(/id/2 A ... A d/fc+i)) = ^j{D{hdh A ... A d/fc+i)) 

= D{Pg{hdf2 A ... A d/fc+i)) = Dj;{hdf2 A ... A d/fe+i) 

= 7*^(/id/2 A ... A d/fe+i) 

= 7*(d/i A ... A d/fc+i) + 7,*(d*(/id/2 A ... A d/fc+i)). 

But since d*(/id/2 A ... A d/fc_|_i) is a (A; — l)-form, we have: 

/39{d*{fidf2 A ... A d/fc+i)) = 73*(d*(/id/2 A ... A dfk+i)) 

by the induction hypothesis. Thus /3g(d/i A ... A d/fe_|_i) = 7g(d/i A ... A d/^+i). Finally: 

/3g(/od/i A ... A dA+i) = (/o o 7,)7;(d/i A ... A d/^+i) = 73(/od/i A ... A d/fc+i). 

But any (/c + l)-form is a linear combination of such forms, so that Vw G r{A^~^^M), Pg{uj) = 7g(w), 
which ends the induction. 

Thus each isometric action of a compact group on M leads to a filtration preserving coaction of 
a commutative Woronowicz G*-algebra on T{A*M) and conversely. This shows that the quantum 
symmetry group of T{A*M) might be a coherent quantum analog of the isometry group of M. 

4.3 Basic example: free orthogonal quantum groups 

Let n be in N. We set A = C, E = C" equipped with its canonical Hilbert space structure, 
^0 = and Vq = C". Let J : C"' —?■ C" be any invertible antilinear map. We denote by P the 
matrix of J in the canonical basis and by Ao{P) the universal Woronowicz G*-algebra generated 
by a multiplicative and unitary matrix u = {uij)i<^i,j<^m satisfying the relation u = PuP~^ (the 
quantum group associated with Ao{P) is a so-called free orthogonal quantum group, see |2]). We 
denote by ap : C — t- C 03 Ao{P) the trivial coaction and by /3p : C^ — t- C" (^ Ao{P) the linear map 

n 

given by /3(ej) = J2 ^k 'Si u^i where {ek)i<^k^n is the canonical basis of C". We can easily check 

fc=i 
that {idc, (Vq), J,^o) is an orthogonal filtration of E and that (ap,/3p) is a coaction of Ao{P) on 
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E. To see that {ap, f3p) is a filtration preserving coaction, the only nontrivial point is to check that 
( J (g) *) o /3p = /?p o J. We have for all i in {1, ... , n}: 

n n n / n \ 

(J O *) o f3p{ei) = J2 Ji^k) ^uli= ^ PikCi ® 4. = ^ e/ ^ Pikuli 

k=l k,l=l 1=1 \k=l / 

n / n \ 

= X! ^^ ® ( X! '^ikPki I (since Pu = uP) 

1=1 \k=\ ) 

n 

= E PkiPpi^k) = /3p o J(e,). 
fc=i 

So (ap, /3p) is a filtration preserving coaction of ^o(P) on C". Now we show that it is a universal ob- 
ject in the category C{E, idc, (Vq), J, ^o)- Let (a, (3) be a filtration preserving coaction of a Woronow- 

n 

icz C*-algebra Q on E and let v = (%)i^i,j^n ^ ■^n(Q) be characterized by /3(ej) = J2 ^k ^ i^ki- 
By lemma 13.41 we already know that v is unitary. Furthermore, by a similar computation to the 
previous one, we see that (J(8'*)o/3 = /3oJ leads to the equality Pv = vP. Thus by universal prop- 
erty of Ao{P) we get the existence of a morphism /i : Ao{P) -^ Q such that for all z, j G {1, . . . , n}, 
fi{uij) = Vij, which is clearly a morphism in the category C{E,idc,(yo),J,(,o). Consequently the 
quantum symmetry group of E is the free orthogonal quantum group associated with P. 
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